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The project: QPE Toolbox
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This talk

1. quantum algorithms
2. chemistry
3. tensor networks
4. our toolbox
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Why Quantum Phase Estimation?

There is a variety of quantum algorithms. We chose to focus on one

The "zoo" of quantum algorithms breaks down into many variations of fewer
algorithmic primitives

We believe the first useful application of a QPU will require FTQC

QPE is:

a key subroutine in Shor's algorithm
FTQC: requires deep circuits (hard to simulate classically)
expected to solve problems in chemistry, condensed matter
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Quantum algorithms, quantum advantage

Nielsen and Chuang, Quantum computation and quantum information (2010)

1.4 Quantum algorithms
[...]
"Broadly speaking, there are three classes of quantum algorithms which
provide an advantage over known classical algorithms"

1. Quantum Fourier Transform (QFT) based algorithms (Phase Estimation, Shor)
2. Quantum search algorithms (Grover)
3. Quantum simulation
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1. Quantum Fourier Transform (QFT) based algorithms

QFT is a subroutine of
QPE. QPE is a subroutine of

Shor's algorithm: find the prime factors of an integer
Shor's algorithm runs in polynomial time. Superpolynomial speedup
compared to the best-known classical algorithm
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1. QFT based algorithms
Origin of Shor's quantum speedup?
Nielsen and Chuang point towards QFT and QPE.

5.2 Phase estimation
The Fourier transform is the key to a general procedure known as phase
estimation, which in turn is the key for many quantum algorithms.
(Nielsen and Chuang, p.221)

8



1. QFT based algorithms

Quantum Phase Estimation

Find  with precision 
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1. QFT based algorithms

Quantum Fourier Transform

Classical Fast Fourier Transform (FFT): cost 

Quantum Fourier Transform:  ( qpe_toolbox/estimation/qft.py )
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1. QFT based algorithms

But... the QFT has no quantum speedup

The entanglement in QFT only comes
from the reversal of the bits ordering
The QFT with no bits reversal can be
simulated classically with  cost

11



1. QFT based algorithms

Quantum Phase Estimation

Origin of the speed-up?

state encoding
phase encoding
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2. Quantum search algorithms

Canonical algorithm: Grover algorithm

Find the input to a black-box function that produces a particular output in
time 
Quadratic speed-up: best classical algorithm runs in 
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2. Quantum search algorithms

Babbush et al., PRX Quantum 2 (2021): quadratic
speed-ups will not enable quantum advantage on
early fault tolerant quantum computers
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3. Quantum simulation

Nielsen and Chuang, p.39

"Classical computers have difficulty simulating general quantum systems for
much the same reasons they have difficulty simulating quantum computers -
the number of complex numbers needed to describe a quantum system
generally grows exponentially with the size of the system, rather than
linearly, as occurs in classical systems."

Quantum many-body  particles wavefunction 

Classical computer:  complex amplitudes
Quantum computer:  qubits
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Sum-up: why Quantum Phase Estimation?

Two arguments why QPE might be a good candidate for a useful quantum
advantage:

Shor's algorithm has a proven superpolynomial speedup. QPE is key in Shor
QPE can be used to measure the energy of a quantum many-body state:
"quantum simulation"-type advantage
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The quest for a quantum advantage

A "large Hilbert space" is not enough

Can we solve any problem of size  with just  qubits?
In practice, many factors can limit the quantum advantage of an algorithm.

Data access

Storing  amplitudes in  qubits (QRAM) has a cost scaling like 

Data extraction

Only  classical bits of information can be retrieved from  qubits
through measurement (Holevo's bound)
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The quest for a quantum advantage

Random circuits: quantum "supremacy"... on useless problems

 
Google's Sycamore "supremacy" experiment, 2019
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The quest for a quantum advantage

Race between NISQ and classical simulations (non exhaustive)

Experiment qbits gates Type Simulated? Useful?

Google
2019

53 430
Random Circuit
Sampling

Tensor
Networks

No

USTC 2023 50 /
Gaussian Boson
sampling

Tensor
Networks

No

IBM 2023 127 2880 Ising Model TN, Pauli Path Yes

Google
2025

65 1000 OTOC measurement No No
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The quest for a quantum advantage

beyond quadratic speedup
useful task
quantum "by nature"

 focus on chemistry or condensed matter applications

Schrödinger equation:
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Chemistry

Applications: drugs, fertilizers, batteries
Goals: understand reaction mechanisms  find new products/catalysts
Arrhenius law:

reaction rate  ( : activation energy)
Chemical accuracy: 1kcal/mol = 1.6mHa = 50meV
Molecules are quantum many-body systems
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Molecules

 electrons,  molecular orbitals
Molecular electronic Hamiltonian:

Exact diagonalization (FCI): 
Exponentially hard!
Approximate methods:
challenged by electronic correlations

Weakly-correlated molecules:
electrons can be treated independently
Strongly-correlated molecules:
"natural" targets for quantum computers
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Quantum chemistry on a quantum computer?

Method Cost Correlations

FCI weak and strong

DFT weak

CCSD(T) weak to medium

DMRG  (entanglement) strong

Weakly-correlated molecules: electrons can be treated independently
Strongly-correlated molecules: "natural" targets for quantum computers
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Chemistry on a QPU:
targets?

Benchmark: energy of
strongly correlated molecules
within chemical accuracy

Fe-S compounds, e.g. FeMoCo
(113 electrons, 76x2 orbitals)
active site of nitrogenase
Proteins: cytochromes P450
(  60 electrons, 60x2 orbitals)
drug-metabolizing enzymes
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Chemistry on a QPU: targets?

FeMoCo: the "canonical" benchmark
 electrons,  spin-orbitals

 bytes
("El Capitan" supercomputer:  petabytes  bytes)
strongly-correlated
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NISQ?

FeMoCo: 
IBM Heron quantum processor (2023):  qubits
Problem solved?
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NISQ algorithms for chemistry

1. Variational Quantum Eigensolver

many measurements, statistical errors
no guarantee that the optimization converges ("barren plateaus")
Gonthier et al. Phys. Rev. Res. 4 (2022): H O (10e) - 2.3 days for a single energy
TL, T. Ayral, X. Waintal arXiv:2306.02620: C H  requires gate error 
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NISQ algorithms for chemistry

2. Sample-Based Quantum Diagonalisation

Idea: Kanno et al., arXiv:2302.11320
Implementation: IBM group, arXiv:2405.05068
N  (14e, 14o): mHa error
(chemical accuracy: mHa)

SQD numerics @ quobly: A. Keita 2025 internship
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NISQ algorithms: ansatz and noise

NISQ algorithms are limited in depth

Noise-induced error:

Good ansätze are deep
Example: chemistry-inspired UCC ansatz
Depth:  (triple excitation terms to account for correlations)
For N  ( ) chemical accuracy requires 

Conclusion: doing chemistry requires fault-tolerant QPUS
TL, T. Ayral, X. Waintal arXiv:2306.02620

29



Quantum Phase Estimation

 is a unitary operator related to , e.g. time evolution 

QPE finds the eigenvalue of  with  bits precision
Initial state projected on eigenvector with probability 30



qpe_toolbox
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Why tensor networks?
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What makes it hard to simulate a QPU?

"Quantum computers allow to manipulate superpositions of  and "
 qubits  -dimensional Hilbert space

BUT... do we need the whole Hilbert space?
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Tensor Networks
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Quantum circuits as tensor networks
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Compression of a quantum state: MPS and SVD

... see examples by C. Ramos Marimon on MPS and hypercontraction 36



Tensor networks - QUIMB
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Introducing our toolbox

Objective: Simulate the full QPE pipeline. Get ready for QPE in the long term

Requirements Features

Include the best classical algorithms
Component 1: Classical solution
via DMRG

A classical-to-quantum converter
Component 2: Tensor-network
state preparation

Advanced QPE schemes to reduce
quantum resources

Component 3: qubitization, single-
ancilla

Circuit simulations to quantify the
boundary of a quantum advantage,
prepare experiments

Component 4: Large-scale tensor
network simulations and
optimization 38



Wrap-up
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The "competition" - separate lanes

Components Competition

C1: Classical solution via
DMRG

Block2, Renormalizer... many libraries

C2: Tensor-network state
preparation

Quimb, Google, Terra Quantum AG, TU Munich

C3: qubitization and single
ancilla scheme

Google (openfermion, Qualtran), Lincoln lab
(PyLIQTR), Zapata (Quantum MAMBO), Phasecraft,
QC Ware...

C4: Tensor-network
simulation and
optimization

Flatiron (iTensor), Terra Quantum AG, Multiverse...
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qpe_toolbox:contents

src/qpe_toolbox/
    |___circuit/
    |   |  controls.py
    |   |  gate_count.py
    |   |  initialization.py
    |   |  parametrized_circuits.py
    |   |  read_write.py
    |
    |___estimation/
    |   |  hadamard_test.py
    |   |  lcu_walk_operator.py
    |   |  phase_estimation.py
    |   |  qft.py
    |   |  robust_phase_estimation.py
    |
    |___hamiltonian/
    |   |  hamiltonian.py
    |   |  pyscf_converter.py
    |
    |___tensor/
    |   |  mpomps_tools.py 41



qpe_toolbox: quick how-to

1. Chose a system: spin model or molecule. Hamiltonian  class

2. Prepare guess state: examples dmrg , tn_circuit_optimization

3. Encode  into a unitary:
3.1. exact time evolution or Trotterization as methods in the Hamiltonian
class
3.2. qubitization functions: lcu_walk_operator

4. Initialize circuit: make_circ  from circuit/initialization

5. Run QPE: in estimation/
5.1. textbook QPE: phase_estimation
5.2. Robust Phase Estimation (single-ancilla): robust_phase_estimation
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Phase estimation with qpe_toolbox

examples/qpe_1_exact_evolution.py

from qpe_toolbox.circuit import make_circ
from qpe_toolbox.estimation import phase_estimation as pe
from qpe_toolbox.hamiltonian import do_dmrg, heisenberg_hamiltonian

# Define system
n = 4
H = heisenberg_hamiltonian(n)
E0, psi0 = do_dmrg(H) # exact ground state

# guess for energy, search interval
E_target = E0 + 0.2
size_interval = 2.

# initial circuit
n_phase_bits = 5
init_circ = make_circ(n_phase_bits, psi0)

# run qpe (n_steps=0 for exact time evolution)
traces, energy = pe.qpe_energy(H, init_circ, n_steps=0, E_target=E_target, size_interval=size_interval)
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qpe_toolbox

bitstr |k>  theta   proba
-------------------------------------
10011  |19> 0.59375 0.875252366065979
10100  |20> 0.625 0.0548088438808918
10010  |18> 0.5625 0.024422215297818184
10101  |21> 0.65625 0.010917366482317448
10001  |17> 0.53125 0.007346082013100386

energy = -0.7375
E0 = -0.75
size_interval / 2**n_phase_bits = 0.0625
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Getting ready for early-FTQC: challenges

First generation FTQC: 100 logical qubits,  logical gates
Reduce logical qubit count and Toffoli gate count
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Naïve implementation (C3)

 terms

Trotterization:  gates

Total time: . Chemical accuracy: .

 total cost: 

 increases with 

Additional costs: statistical error, state preparation...
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Trotter error

First-order Trotter formula: 
Second-order: error 
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Progress towards early-FTQC

1. Costs scalings - from Lee et al. (Google), PRXQuantum 2 2021
(  and ) 48



Progress towards early-FTQC

2. Resources for FeMoCo - from Low et al. (Google team), PRX 15 2025
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Progress towards early-FTQC: sum-up

Between 2017 and 2025:
Scalings reduced from  to 
FeMoCo costs reduced from  to  Toffolis
(increasing qubits count from  to )

an order of magnitude reduction every two years for Toffoli count!
still some way to go for early-FTQC (  logical qubits,  Toffolis)
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Advanced QPE schemes for early-FTQC (C3)

Two classes of advanced variations on QPE:

Qubitization: clever heuristics for unitary encoding of H
(quantum linear algebra)
See: Google team, many others...

Single-ancilla schemes: "space-time" tradeoff
less ancilla qubits - many circuit repetitions - classical post-measurement
signal processing
See: Lin Lin, Aram H. Harrow...
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Advanced QPE schemes for early-FTQC

 

In the toolbox we introduce (C3):
i. Linear Combination of Unitaries and Walk operator for Qubitization
ii. The single-ancilla Robust Phase Estimation algorithm
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Advanced QPE schemes I - Qubitization

see lcu_walk_operator  example
(inspired from Lin Lin's lecture notes and Babbush, PRX 8, 041015 (2018))

Linear Combination of Unitaries: write ,
with  and 𝟙 .

1-norm of coefficients: 

Walk operator: 
Exact unitary encoding of the spectrum (no Trotter error)

Apply QPE on  to get 
Total cost (  qubitization cost):
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Qubitization circuits: the oracles

Babbush (Google), PRX 8, 041015 (2018)
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Qubitization circuits in the qpe_toolbox (C3)

SELECT and PREPARE circuits are hard. Involve multi-controlled qubits, non-
trivial subroutines for classical data loading ("QROM")
Current implementation (2025):

SELECT with multi-controlled gates
 as a Matrix Product Operator (no explicit gate decomposition)

Future prospects (Work in progress 2026):
get a gate decomposition for PREPARE via explicit circuit or MPO-to-circuit
encoding
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Qubitization - cost reduction

Reduce the Hamiltonian 1-norm 

Dominant contribution: two-body term 

Naïve LCU: 

Different contraction schemes for the  tensor

Berry et al., Quantum 3, 208 (2019) - Single-Factorization
Von Burg et al., PRR 3, 033055 (2021) - Double-Factorization
Lee et al., PRX Quantum 2, 030305 (2021) Tensor Hypercontraction

SF and DF Hamiltonians implemented by C. Ku and K. Chen (Foxconn)

Work in Progress (2026): get SF and DF circuits for 
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Advanced QPE schemes II - Robust Phase Estimation

Inspired from J. Günther et al. (Harrow's group) arXiv:2503.05647

Hadamard test: measure , , for ,

Find , an estimate of  within measurement and Trotter error

For each , select the estimate closest to the previous one: improve precision
on  by one bit

Measure  up to  error with  circuits 57



Robust Phase Estimation with the qpe_toolbox (C3)

Example robust_phase_estimation

 

Heisenberg model with  spins, -order Trotter with 
Textbook QPE limited by Trotter error. RPE is not 58



State preparation - challenge (C1)

Success probability   cost 

Orthogonality catastrophe: Generically, 

"Evaluating the evidence for exponential quantum advantage in ground-state
quantum chemistry", Lee et al., Nature Communications 14, 1952 (2023) 59



State preparation - MPS (C1-C2)

DMRG might be the best candidate for state preparation

First stage: small-scale DMRG (H , O , H O) in dmrg  example (C1)

Prospects 2026 (O. Gauthé): state-of-the-art DMRG for chemistry (C1), MPS
circuit encoding (C2) 60



State preparation

- circuit optimization

tn_circuit_optimization  example (C1-
C2)

DMRG: find the MPS wavefunction
which minimizes the energy
We take a shortcut and optimize
the parameters of a simple ansatz
circuit to minimize the energy
QPE: project onto g.s. 
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Summary

We develop an open-source numerical toolbox

Based on advanced tensor-network techniques
Synthetize and explore circuits in a practical sense

First stage release - "My pedagogical toolbox" (coming soon)

Initialization: DMRG or circuit optimization
Hamiltonian encoding: Trotterization or naïve qubitization
Phase estimation: textbook QPE or Robust Phase Estimation
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Future release - "My TN optimized toolbox" (2026)

Initialization: state-of-the-art DMRG and MPS to circuit encoding (O. Gauthé)
Hamiltonian encoding:

Single-Factorization, Double-Factorization... and advanced
LCU/qubitization circuits (Foxconn, TL)
MPO to circuit encoding

Circuit simulation (C. Ramos Marimon):
Pauli truncation
State-of-the-art tensor network techniques e.g. Belief Propagation...
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Release plan

Components
First release - "My

pedagogical toolbox"
Next release - "My TN

optimized toolbox"

C1: DMRG Small scale molecules State-of-the art

C2: TN state
preparation

"Perfect" (no gates) TN optimization

C3: advanced QPE LCU via Pauli strings, RPE LCU with SF and DF

C4: TN simulation and
optimization

Introduce Quimb features Large-scale simulations
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QPE Toolbox
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